The electron-electron interaction correction of first order in 1/Z to the one-electron part of the nuclear recoil effect on binding energies in atoms and ions is considered within the framework of the rigorous QED approach. The calculations to all orders in αZ are performed for the 1s 2 state in heliumlike ions and the 1s 2 2s and 1s 2 2p 1/2 states in lithiumlike ions in the range Z = 5-100. The results obtained are compared with the Breit-approximation values. The performed calculations complete a systematic treatment of the QED nuclear recoil effect up to the first order in 1/Z. The correction obtained is combined with the previously studied two-electron part as well as the higher-order electron-correlation corrections evaluated within the Breit approximation to get the total theoretical predictions for the mass shifts.
I. INTRODUCTION
It is well known that within the nonrelativistic approximation the effect of the nuclear motion on spectra of hydrogenlike ions is accounted for exactly by replacing the electron mass m with the reduced mass m r = mM/(m + M ) with M being the mass of the nucleus. The lowest-order relativistic correction of first order in m/M can be derived from the Breit equation for electron and nucleus [1] . For N -electron system, the corresponding one-electron contribution to the nuclear recoil effect can be described by the operator
where p = −i∇ is the momentum operator, r is the position vector, r = |r|, α are the Dirac matrices, α is the fine-structure constant, and Z is the nuclear charge number [the relativistic units ( = 1, c = 1) are used throughout the paper]. The one-electron operator in Eq. (1) gives rise to the so-called normal mass shift (NMS). In the case of more than one electron, the NMS operator (1) does not provide the exhaustive description of the effect of the nuclear motion since there is also the two-electron contribution given by the specific mass shift (SMS) operator
The NMS and SMS operators add to the mass shift (MS) operator [2] [3] [4] ,
which allows one to treat the nuclear recoil contribution within the (m/M )(αZ) 4 mc 2 approximation. To date, the MS operator (3) is used extensively in relativistic calculations of the atomic spectra and isotope shifts (see, e.g., Refs. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] and references therein).
The fully relativistic description of the nuclear recoil effect on binding energies requires application of the bound-state quantum electrodynamics (QED) beyond the Breit approximation. The corresponding theory to first order in m/M and to all orders in αZ was developed in Refs. [2, 3, 21] ; see also Refs. [22] [23] [24] . Numerous QED evaluations of the nuclear recoil contribution to binding energies were performed over the past three decades [6, 13, [24] [25] [26] [27] [28] [29] . However, all the previous nonperturbative (in αZ) calculations were limited by the independent-electron approximation, i.e., the electron-electron interaction corrections to the nuclear recoil effect were neglected. It should be noted that the interelectronic-interaction effects were treated approximately in some cases by modifying the zeroth-order approximation and including into it a local screening potential (see, e.g., Ref. [6] ). In our recent work [30] , we addressed the issue of the QED evaluation of the interelectronic-interaction correction of first order in 1/Z to the two-electron part of the nuclear recoil effect on binding energies. The present paper focuses on deriving the rigorous QED formalism for calculations of the corresponding correction to the dominant oneelectron part. The results obtained represent the nontrivial QED contribution to the NMS and complete the rigorous consideration of the first-order (in 1/Z) nuclear recoil effect to all orders in αZ.
The QED formalism worked out in the present work is illustrated by calculating the one-electron part of the nuclear recoil effect on binding energies of the 1s 2 state in heliumlike ions and the 1s 2 2s and 1s 2 2p 1/2 states in lithiumlike ions for the wide range of the nuclear charge number Z = 5-100. The behavior of the nontrivial QED contribution to the NMS as a function of Z is studied. These calculations together with those performed in Ref. [30] provide a better understanding of the applicability limits for the MS operator (3) . In particular, one can assume that the application of a rigorous QED approach will resolve some discrepancies which take place nowadays between the preliminary calculations and the high-precision measurements of the isotope shifts of the fine-structure splittings in singly ionized argon (Ar + ) [31, 32] and calcium (Ca + ) [33] . We also stress that the effect under consideration may contribute significantly when specific differences of the energies or isotope shifts are studied (see, e.g., Ref. [34] for the related discussion in the case of the bound-electron g factor).
The paper is organized as follows. The main aspects of the QED theory of the nuclear recoil effect on binding energies within the independent-electron approximation are outlined in Sec. II. The formulas for the first-order (in 1/Z) correction to the one-electron part of the nuclear recoil effect valid to all orders in αZ are discussed in Sec. III. The numerical results and the comparison with the values obtained employing the MS Hamiltonian (3) are given in Sec. IV.
II. QED THEORY OF THE NUCLEAR RECOIL EFFECT WITHIN THE INDEPENDENT-ELECTRON APPROXIMATION
The QED theory of the nuclear recoil effect on atomic binding energies was worked out in Refs. [2, 3, 21] . The formulation of the theory presented in Ref. [21] is the most convenient for the needs of the present study. It reduces the problem of accounting for the nuclear recoil effect to a modification of the standard QED Hamiltonian of the electron-positron field interacting with the quantized electromagnetic field and the classical Coulomb potential of the nucleus V n . The modification consists in an extra term to the interaction part of the QED Hamiltonian; see Ref. [21] for the details. As a result, the nuclear recoil effect to first order in m/M and to all orders in αZ can be taken into account by perturbation theory in the interaction representation of the Furry picture [35] . For the construction of the perturbation series, we employ the two-time Green's function (TTGF) method [36] . All the necessary Feynman rules can be found, e.g., in Ref. [36] . In order to describe the new elements of the diagram technique as compared to the standard bound-state QED, we discuss briefly the derivation of the formulas for the one-electron part of the nuclear recoil effect to zeroth order in 1/Z for the electron in the state |a . The total one-electron contribution for a given many-electron state is obtained by adding the corresponding terms from all one-electron orbitals.
The one-electron part of the nuclear recoil effect is given by the diagrams depicted in Fig. 1 . The double line denotes the propagator for an electron in the classical field of the nucleus. The vertex with a small black dot corresponds to the conventional QED vertex. The new vertex with a bold dot arises from the extra term to the QED Hamiltonian derived in Ref. [21] . It
FIG. 1. One-electron nuclear recoil diagrams to zeroth order in 1/Z: the Coulomb (a), one-transverse (b) and (c), and two-transverse (d) contributions. See the text and Ref. [21] for the description of the Feynman rules.
contains the momentum operator p. Following the notations employed in Ref. [21] , we refer to the dotted line joining two bold dots in Fig. 1(a) as to the "Coulomb recoil" interaction. The dashed line ended by a bold dot on one side in Figs. 1(b) and 1(c) designates the "one-transverse-photon recoil" interaction, since it includes the transverse part of the photon propagator in the Coulomb gauge
where we fix the branch of the square root by the condition Im √ ω 2 + i0 > 0. The dashed line with a bold dot on it in Fig. 1(d) corresponds to the "twotransverse-photon recoil" interaction, since it involves the product of two photon propagators (4) . The terminology used comes from operating in the Coulomb gauge which appears to be the most appropriate and convenient gauge for studying the nuclear recoil effect; see, e.g., Refs. [2, 3, 23] .
Within the Furry picture, the zeroth-order approximation for one-electron energies and wave functions is determined by the Dirac equation with the binding potential of the nucleus V n ,
The TTGF method prescribes that the first-order correction to the energy of an arbitrary single level |u can be obtained according to the following formula:
Here ∆g (1) uu represents the Fourier transform of the contribution to the two-time Green's function projected on the unperturbed state
u is the unperturbed energy, and the oriented counterclockwise contour Γ surrounds E (0) u in the complex E plane; see Ref. [36] for the details. For the one-electron nuclear recoil contribution under consideration, we assume that
where R means any of the operators (11)- (13) . Then, Eqs. (7)-(9) can be rewritten as a|P c (ε a )|a , a|P tr1 (ε a )|a , and a|P tr2 (ε a )|a , respectively. Finally, the total one-electron contribution to the nuclear recoil effect to zeroth order in 1/Z is given by the sum of Eqs. (7)-(9),
The integration over ω in the Coulomb contribution (7) can be evaluated analytically using the standard
where P means the principal value integral. Indeed, applying the formula (16) to Eq. (7) and taking into account that all the principal value integrals vanish, one obtains
where the first and second summations run over the positive-and negative-energy parts of the spectrum, respectively. It is useful to compare this expression with the formula which can be obtained by employing the nonrelativistic part of the NMS operator (1):
where the summation runs over all the states. One can see that introducing the projectors on the positiveenergy part of the spectrum in Eqs. (7) or (17) leads to the result which differs from the value (18) by the contribution of the negative-energy continuum, being of order (m/M )(αZ) 5 mc 2 , i.e., beyond the Breit approximation. The expression (18) is implied to be the lowestorder approximation of the Coulomb contribution (7) . One should note that Eq. (18) contains actually some terms of the higher orders in αZ as well, since it is evaluated with the Dirac wave functions. The nontrivial QED Coulomb contribution, which can not be obtained from the Breit equation, reads [25] ∆E
In order to obtain the lowest-order relativistic approximation to the one-transverse-photon contribution (8) , one has to consider the zero-energy-transfer limit ω → 0 of Eq. (10) given by
By neglecting the energy dependence of the vector D(ω) in Eq. (8), we come to the integral which is similar to the Coulomb case (7) . One should take care defining its Breit approximation, since discarding the negativeenergy part of the spectrum in Eq. (8) leads once again to a slightly different result. As in the Coulomb case, we consider the expression arising from the NMS operator,
as the lowest-order relativistic approximation to Eq. (8), and the nontrivial QED part of the one-transversephoton contribution is
We note, finally, that the two-transverse-photon contribution ∆E (1) tr2 is completely beyond the Breit approximation. Thus, we relegate it to the nontrivial QED part.
The total one-electron nuclear recoil contribution (15) can be conveniently represented as a sum of the Breitapproximation term and the nontrivial QED term,
∆E (1) 1el,QED = ∆E (1) c,QED + ∆E (1) tr1,QED + ∆E
where G(ω) = n |n n|[ω − uε n ] −1 is the Dirac-Coulomb Green's function and [A, B] = AB − BA. The formalism for treating the nuclear recoil effect to all orders in αZ was initially derived in Ref. [2] in the form given by the Eqs. (23)- (25) .
III. ELECTRON-ELECTRON INTERACTION CORRECTION TO THE ONE-ELECTRON PART OF THE NUCLEAR RECOIL EFFECT
One set of Feynman diagrams contributing to the first order (in 1/Z) electron-electron interaction correction to the one-electron part of the nuclear recoil effect is shown in Fig. 2 . The wavy line corresponds to the photon propagator, while all the other notations are the same as in Fig. 1 . The two-transverse-photon contribution presented in Fig. 2 has to be complemented by the corresponding Coulomb and one-transverse-photon contributions. Therefore, the total number of the secondorder diagrams is four times higher. The second-order diagrams describing the electron-electron interaction correction to the one-electron two-transverse-photon contribution to the nuclear recoil effect. The analogous diagrams with the Coulomb and onetransverse photon recoil interactions have to be taken into account as well. See the text and Ref. [21] for the description of the diagram technique.
The second-order correction to energy of a single level |u is given by [36] 
where the contour Γ surrounds the unperturbed energy E (0) u and keeps outside all the other singularities of the Green's function. In this paper we are interested in the two-electron corrections presented in Fig. 2 . An arbitrary many-electron problem can be easily decomposed into the set of two-electron problems. For this reason, it is sufficient to assume the unperturbed wave function |u (0) in Eq. (26) to be represented by the onedeterminant two-electron wave function,
where ψ a and ψ b are the solutions of the Dirac equation (5), P is the permutation operator, and (−1) P is the sign of the permutation. The unperturbed energy is given by the sum of the one-electron Dirac energies:
The generalization to the case of a many-determinant wave function is straightforward and can be done in the final expressions.
The second term in Eq. (26), given by the product of the first-order contributions to the Green's function, is usually referred to as the "disconnected" one. The relevant diagrams are shown in Figs. 1 and 3 . The disconnected term is to be considered together with the The one-photon exchange diagram which contributes to the second "disconnected" term in Eq. (26) along with the first-order diagrams in Fig. 1. related contribution in the first term in Eq. (26) . As a rule, it is fully canceled analytically by identifying the corresponding expressions. In the following, we will not mention the disconnected term any longer, but its contribution is always taken into account.
Prior to deriving the formulas for the interelectronicinteraction correction to the one-electron part of the nuclear recoil effect, we introduce the operator
where α µ = (1, α) and D µν is the photon propagator.
For the Coulomb gauge, in which we operate, Eq. (28) has the form
The zero-energy-transfer limit ω → 0 of Eq. (29) reads
The operator (30) can be used to evaluate the interelectronic-interaction correction to the MS operator (3) within the Breit approximation.
As noted in Sec. II, the diagrams for the one-electron part of the nuclear recoil effect in Fig. 1 are similar to the diagram for the first-order self energy. In turn, the diagrams for the electron-electron interaction correction in Fig. 2 are similar to the two-electron selfenergy diagrams, which were discussed in details in, e.g., Refs. [40? ]. For this reason, we present here only the final formulas and omit all the intermediate manipulations. We divide the total interelectronic-interaction correction to the one-electron part of the nuclear recoil effect into three parts. The contribution of the diagrams in Fig. 2 (b) is referred to as the "vertex" term (∆E (2) vert ). The contribution of the diagrams shown in Fig. 2 (a) is naturally divided into the "irreducible" (∆E 
where the operator P was defined by Eq. (14),
and ∆ = ε P a − ε a . The reducible contribution has the form
where I (∆) = dI/dω| ω=∆ , P (ε a ) = dP(E)/dE| E=εa , and ∆E 1ph = P (−1) P P aP b|I(∆)|ab is the onephoton-exchange correction. Finally, the vertex contribution is given by
To summarize, within the rigorous QED approach the interelectronic-interaction correction of first order in 1/Z to the one-electron part of the nuclear recoil effect is given by the sum of Eqs. (31), (34) , and (35) . The calculations are to be performed for all the operators (11)-(13),
tr2 .
As in the case of the independent-electron approximation discussed in Sec. II, the integration over ω in the Coulomb contribution ∆E
(2) c can be carried out analytically. The irreducible contribution and the part of the reducible contribution with I can be treated similar to Eq. (7) using the formula (16) . These terms can be rewritten in the form similar to Eq. (17) . For the other contributions, Cauchy's residue theorem should be employed. Then, the second part of the reducible contribution (with the operator P ) vanishes, since it contains only the second-order poles for the Coulomb interaction (11) . Finally, the vertex contribution is
Concluding this section, we note that the Breitapproximation results for the electron-electron correction to the NMS can be obtained from the QED formulas derived in the present work. To do so, one has to neglect the energy dependence in the operators D(ω) and I(ω) in Eqs. (10) and (29), respectively, and introduce the projectors on the positive-energy part of the spectrum in Eqs. (32) , (33) , and (35) . In addition, the lowest-order relativistic limit of the operator P in Eq. (14) has to be treated as discussed in Sec. II. On these assumptions, the integration over ω in all the expressions can be performed analytically by employing Eq. (16) and Cauchy's residue theorem. As a result, the reducible and vertex contributions vanish identically, and the irreducible contribution reproduces the interelectronic-interaction correction of first order in 1/Z to the one-electron part of the nuclear recoil within the Breit approximation. Obviously, the two-transverse-photon contribution has to be omitted in this approximation.
IV. NUMERICAL RESULTS AND DISCUSSION
In this work, the formalism derived in Sec. II and III is employed for nonperturbative (in αZ) calculations of the one-electron contribution to the nuclear recoil effect on binding energies of the 1s 2 state in heliumlike ions and the 1s 2 2s and 1s 2 2p 1/2 states in lithiumlike ions. By evaluating the differences of the results obtained for the binding energies, one can calculate the corresponding contributions to the ionization energies of the 1s 2 2s and 1s 2 2p 1/2 states and to the 2p 1/2 -2s transition energy in Li-like ions. The calculations are performed in the range Z = 5-100. As noted in Sec. III, for the Coulomb contributions the integration over ω can be performed analytically. For the one-transverse-photon and twotransverse-photon contributions, the corresponding integrals are calculated numerically employing Wick's rotation of the integration contour to the complex plane; see Ref. [41] for the details. The summation over the one-electron states in the electron propagator is carried out using the finite basis set of the Dirac-equation eigenfunctions constructed from the B-splines [42, 43] by means of the dual-kinetic-balance approach [44] .
Within the Furry picture, the finite nuclear size correction to various atomic properties generally can be taken into account by substituting the potential of the extended nucleus into the Dirac equation (5) . In the case of the nuclear recoil effect, this recipe leads only to a partial treatment of the nuclear size correction [21] . The rigorous evaluation of this correction has been performed up to date only within the Breit approximation [45] [46] [47] . The discussion of the uncertainty related to this approximate treatment of the nuclear size correction to the nuclear recoil effect can be found, e.g., in Refs. [29, 48] . We stress that this uncertainty exceeds the one which can be obtained by varying the nuclear charge distribution model and the nuclear charge radius within its error bar. In the present study, the Fermi model for the nuclear charge distribution is used for all nuclei with Z 15. Otherwise, the homogeneously charged-sphere model is employed. The nuclear charge radii are taken from Refs. [48, 49] .
A. One-electron part of the nuclear recoil effect
We start with the results obtained within the independent-electron approximation. As noted above, numerous calculations of the one-electron contribution to the nuclear recoil effect on binding energies of lowlying states in hydrogenlike ions can be found in the literature; see Refs. [24] [25] [26] 29] . Nevertheless, for the sake of completeness, we summarize our results for the oneelectron contribution to zeroth order in 1/Z in Table I . The results for the 1s, 2s, and 2p 1/2 states are given in terms of the dimensionless function A(αZ) defined by
To avoid misunderstanding, we note that the index "(1)" here (and analogous indices below) refers to the perturbation-theory order in the framework of the TTGF method, and it is equal to the order in 1/Z plus one. For each Z (in Table I) , the values calculated within the rigorous QED formalism employing Eqs. (7)- (9) are displayed in the first line, while the results obtained by means of the NMS operator (1) are shown in 
Our results for the interelectronic-interaction correction to the one-electron part of the nuclear recoil effect on the binding energies of the 1s 2 , 1s 2 2s, and 1s 2 2p 1/2 states are shown in Tables II, III, and IV, respectively. As in Table I , for each Z we present two values. The first value is evaluated within the framework of the ab initio approach derived in the preceding section, whereas the second one is obtained within the Breit approximation via the NMS operator (1) . The functions B c , B tr1 , and B tr2 correspond to the contributions of the Coulomb (11), the one-transverse-photon (12) , and the two-transversephoton (13) interactions, respectively. The uncertainties given in the parentheses are due to the numerical errors only. They are estimated by studying the convergence of the results with respect to the size of the basis set as well as the number of points in the quadrature formula for the integration over ω.
From Tables II-IV, one can see that the results of the QED calculations tend to the Breit-approximation values when αZ → 0. This behavior is what one can expect, having in mind that the NMS operator (1) provides the lowest-order relativistic approximation to the (14) and analogous expressions, the one-transverse-photon contribution acquires the considerable correction compared to the Breit approximation for high-Z ions. The nontrivial QED Coulomb contribution as well as the two-transverse-photon contribution also grow rapidly with increasing Z. As a result, the higher orders (in αZ) modify the behavior of the function B(αZ) significantly. Indeed, the function B(αZ) calculated to all orders in αZ may differ by several times from the approximate one obtained by means of the NMS operator. In order to illustrate this fact, the interelectronic-interaction correction to the one-electron part of the nuclear recoil effect on the binding energy of the 1s 2 state is plotted in Fig. 4 , where the data given in the last column of Table II are presented. The Breitapproximation values and the ab initio QED results are shown with the dashed and solid lines, respectively. It is seen that the NMS operator leads to the strong underestimation of the nuclear recoil effect at the high-Z region. The similar situation takes place for binding energies of the 1s 2 2s and 1s 2 2p 1/2 states. However, it is not always the case. For instance, the contribution under consideration to the 2p 1/2 -2s transition energy in Li-like ions is presented in Fig. 5 . In this transition energy, the interelectronic-interaction correction to the one-electron part of the nuclear recoil effect obtained by means of the rigorous QED approach appears to be less pronounced than the one evaluated within the lowestorder relativistic approximation.
B. Total nuclear recoil effect to first order in 1/Z
As noted in Sec. I, the one-electron part of the nuclear recoil effect, which is the major focus of the present work, has to be combined with the two-electron part in order to complete the rigorous consideration to first order in 1/Z. The two-electron nuclear recoil contribution was studied nonperturbatively (in αZ) in our recent paper [30] . Within the independent-electron approximation, the two-electron contribution is described by the diagrams depicted in Fig. 6 . The interelectronic- interaction correction to the two-electron part of the nuclear recoil effect is given by the diagrams displayed in Fig. 7 . The notations for the diagram technique are the same as in Figs. 1 and 2 . We note that the diagrams analogous to those in Fig. 7 with the two-transversephoton interaction replaced with the Coulomb and onetransverse-photon interactions have to be taken into account as well.
In Tables V-VII, we summarize the data obtained to first order in 1/Z for the nuclear recoil effect on the binding energies of the 1s 2 , 1s 2 2s, and 1s 2 2p 1/2 states. The results for the zeroth-and first-order (in 1/Z) contributions are presented in terms of the functions A(αZ) and B(αZ)/Z, respectively. The one-electron part of the nuclear recoil effect is calculated in the present work. To zeroth order in 1/Z, the one-electron contribution to binding energy is obtained by summing the values from Table I for all the electrons involved. The interelectronic-interaction correction to the one-electron part is taken from Tables II-IV. For the two-electron contribution the data from Ref. [30] are used. We note that for the 1s 2 and 1s 2 2s states the two-electron part vanishes identically within the independent-electron approximation. For each state, the sum of the zerothand first-order contributions, A(αZ)+B(αZ)/Z, is presented in the last column. As above, in Tables V-VII we compare the results obtained by means of the rigorous QED approach and within the Breit approximation via the MS operator (3) . For illustrative purposes, the data for the binding energy of the 1s 2 state from transition energy in Li-like ions are plotted in Figs. 8  and 9 , respectively. The data for the transition energy are obtained as the difference of the values presented in Tables VII and VI. In Figs. 8 and 9 , the dashed lines correspond to the calculations within the Breit approx-imation using the MS operator (3), while the solid lines represent the QED results valid to all orders in αZ. The contributions within the independent-electron approximation, A(αZ), are shown with the blue lines with circles. The sum of the zeroth and first orders in 1/Z, A(αZ) + B(αZ)/Z, are given with the red lines with squares. There is no doubt, that the convergence of the 1/Z-perturbation theory may be slow for low-Z ions. For this reason, the results presented in Tables V-VII  and Figs. 8 and 9 should not be considered as the final ones for low-and middle-Z systems; the contribution of the higher orders in 1/Z can be significant (see the discussion below). Nevertheless, these data yield insights into the state-of-the-art QED calculations of the nuclear recoil effect to all orders in αZ and give the indication of how different terms relate to each other.
We stress that the interelectronic-interaction correction under consideration becomes particularly impor-TABLE VI. The nuclear recoil contribution to the binding energy of the 1s 2 2s state. The values obtained within the independent-electron approximation (to zeroth order in 1/Z) are given in terms of the function A(αZ) defined by Eq. (38) . The interelectronic-interaction correction of first order in 1/Z is given in terms of the function B(αZ)/Z defined by Eq. (39) . The one-electron contribution is evaluated in the present work, while the two-electron contribution is taken from Ref. [30] .
Z Approach
One-electron Two-electron Total tant when a cancellation of the zeroth-order contributions occurs. For instance, the one-electron contribution for the 1s 2 core cancels in the 2p 1/2 -2s transition in Li-like ions within the independent-electron approximation. As a result, the nontrivial QED contributions of zeroth and first orders in 1/Z are of comparable magnitude for low-and middle-Z ions for this transition.
In this regard, one can expect even stronger cancellation of the leading-order contributions in the case of the 2p 3/2 -2p 1/2 transition in B-like ions; see the related discussion for the QED contribution to the field shift in Ref. [13] . In addition, the ab initio treatment of the electron-electron interaction correction to all orders in αZ may even change the sign of the correction. Indeed, one can see that the solid lines in Fig. 9 do not cross each other in contrast to the dashed ones. All this leads to the conclusion that the high-precision calculations of the nuclear recoil effect need to take into account the QED contribution beyond the independent-electron approximation.
C. Mass shift of binding and transition energies
As noted above, in order to obtain accurate theoretical predictions for the mass shift of binding and transition energies one has to account for the second-and higher-order electron-electron interaction corrections to the nuclear recoil effect as well. In the present work, we evaluate these contributions within the lowest-order relativistic approximation by employing the MS operator (3) and the Dirac-Coulomb-Breit Hamiltonian. The calculations are performed by means of two independent methods. First, we have calculated the expectation value of the MS operator with the many-electron wave function obtained by the configuration-interaction TABLE VII. The nuclear recoil contribution to the binding energy of the 1s 2 2p 1/2 state. The values obtained within the independent-electron approximation (to zeroth order in 1/Z) are given in terms of the function A(αZ) defined by Eq. (38) . The interelectronic-interaction correction of first order in 1/Z is given in terms of the function B(αZ)/Z defined by Eq. (39) . The one-electron contribution is evaluated in the present work, while the two-electron contribution is taken from Ref. [30] .
Z Approach
One method in the basis of the Dirac-Sturm orbitals [5, 50] ; see also Ref. [51] . The desired higher-order correction has been extracted by subtracting the zeroth-and firstorder contributions evaluated with the same basis set. Second, we have employed the recursive formulation of the perturbation theory [52] in order to directly access the required higher-order correction. This method has been applied already for evaluation of the higher-order nuclear recoil contributions to the ionization energies in boronlike ions [53] and to the bound-electron g factor in lithiumlike [54, 55] and boronlike [56] ions. The results of both independent approaches are found in good agreement with each other.
The second-and higher-order (in 1/Z) interelectronicinteraction corrections to the nuclear recoil effect on binding energies of the 1s 2 , 1s 2 2s, and 1s 2 2p 1/2 states are presented in Table VIII in terms of the dimensionless function C(αZ, Z) defined according to
The one-and two-electron parts of the corresponding contribution are evaluated with the use of the NMS (1) and SMS (2) operators, respectively, and given explicitly. The uncertainties specified in Table VIII correspond to the numerical errors only. They are obtained by analyzing the convergence of the results with respect to the number of the radial and angular basis-set functions. We note that the two-electron part is more sensitive to the correlation effects than the one-electron part. As a result, the corresponding uncertainty is generally bigger for low-and middle-Z ions. On the other hand, there is a cancellation between the one-and two-electron contributions which allows us to obtain more accurate data for the total values. (10) Finally, in Table IX we compile the total theoretical predictions for the mass shifts of the following quantities: (i) the ground-state binding energy of He-like ions; (ii) the binding energy of the 1s 2 2s state; (iii) the binding energy of the 1s 2 2p 1/2 state; (iv) the 2p 1/2 -2s tran-sition energy in Li-like ions. The results are expressed in terms of the dimensionless function P (αZ, Z) defined according to
The interelectronic-interaction correction to the two-electron two-transverse-photon contribution to the nuclear recoil effect. The analogous diagrams with the Coulomb and one-transverse-photon recoil interactions have to be taken into account as well. and the K factor (in units of eV·amu) defined by
The total theoretical predictions comprise the QED results for the zeroth-order, A(αZ), and first-order, B(αZ)/Z, contributions from Tables I and II -IV, respectively, as well as the higher-order correlation correction within the Breit approximation, C(αZ, Z)/Z 2 , from Table VIII. In addition, within the independentelectron approximation we account for the correction δA fns,1el Breit (αZ), which determines the difference between the exact treatment of the nuclear size correction to the low-order one-electron nuclear recoil effect and its evaluation by the formula (24) with the wave functions for the extended nucleus; see Ref. [47] and the discussion above. Therefore, the function P (αZ, Z) in Eq. (41) can be represented as follows
(43) We note that the reduced-mass dependence in the Lamb shift also contributes to the nuclear recoil effect; see, e.g., the discussion in Ref. [48] and references therein. This contribution and the uncertainty related with it are out of the scope of the present work. They have to be taken into account separately.
Besides the numerical uncertainties discussed above, there are several sources for the theoretical uncertainties shown in parentheses in Table IX . First of all, we take into account the uncertainty due to uncalculated radiative nuclear recoil correction. To this end, we multiply the nontrivial one-electron QED contribution (25) obtained within the independent-electron approximation by the factor of 2α. Second, we estimate the uncertainty due to the approximate treatment of the nuclear size correction to the nuclear recoil effect by using the prescription given in Refs. [29, 48] . Finally, all the uncertainties are combined by calculating their root sum square.
In Table IX , we compare our total values for the mass shift of the 2p 1/2 -2s transition energy in Li-like ions with the theoretical predictions from Ref. [11] . One can see that the data from Ref. [11] lie systematically lower. The more detailed comparison is performed in Figs. 10(a) and 10(b) [ Fig. 10(b) provides the zoomed version of Fig. 10(a) which corresponds to the high-Z region (Z = 68-94)]. The four lines labeled with TW in Fig. 10 represent our data obtained by successive accounting for the different contributions. The blue dashed line displays the results calculated by employing the MS operator (3) and treating the correlation effects to all orders in 1/Z within the Breit approximation. The green dashed-dotted line differs from the first one by taking into account the nontrivial QED contribution in zeroth order in 1/Z. The violet dotted line is obtained by adding the higher-order (in αZ) contribution in first order in 1/Z. Finally, the red solid line includes also the finite nuclear size correction δA fns,1el Breit (αZ) and corre-sponds to the total data presented in Table IX . We note that the last two corrections have a different sign and partly cancel each other in the sum. These corrections have not been taken into account in Ref. [11] . The Breitapproximation values and the results with the QED contribution evaluated within the independent-electron approximation from Ref. [11] are shown in Fig. 10 with the magenta circles and black diamonds, respectively. In order not to overload the plot, we omit the error bars in Fig. 10(a) . The uncertainties are indicated only in Fig. 10(b) . One can see that there is a reasonable agreement between the data from Ref. [11] and the results of the present study. The difference between the final theoretical predictions is explained by the fact that the more subtle effects are taken into account now. As a result, the uncertainty of the nuclear recoil effect is reduced, especially for middle-Z ions, where the contribution of the mass shift to the isotope shifts is more significant.
The results obtained are in demand in view of the existing and forthcoming experimental investigations of the relativistic and QED nuclear recoil effect [6, [57] [58] [59] .
V. SUMMARY
To summarize, we have developed the rigorous QED formalism which allows us to calculate the electronelectron interaction correction to the one-electron part of the nuclear recoil effect on binding energies in atoms and ions nonperturbatively in the parameter αZ. The method derived was employed for the ab initio calculations of the one-electron nuclear recoil contribution to the binding energies of the 1s 2 state in He-like ions and 1s 2 2s and 1s 2 2p 1/2 states in Li-like ions in the wide range Z = 5-100. The corresponding contribution to the 2p 1/2 -2s transition energy in Li-like ions was studied as well. The one-electron part of the nuclear recoil effect was combined with the two-electron part considered recently in Ref. [30] . The all-order (in αZ) results to zeroth and first orders in 1/Z were compared with the values obtained by applying the mass shift operator H M . The nontrivial QED contribution was extracted, and its behavior with the growth of Z was investigated. This provides an estimation of the accuracy of the calculations based on the mass shift operator which is valid within the (m/M )(αZ) 4 mc 2 approximation only. Finally, the QED calculations to first order in 1/Z were supplemented with the higher-order correlation corrections evaluated within the Breit approximation. As a result, the most accurate theoretical predictions for the mass shifts of the binding and transition energies in Heand Li-like ions have been obtained.
